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Relative Orbit Geometry Through Classical
Orbit Element Differences

Hanspeter Schaub*
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The relative orbit geometry of a spacecraft formation can be elegantly described in terms of a set of orbit element
differences relative to a common chief orbit. For the nonperturbed orbit motion, these orbit element differences
remain constant if the anomaly difference is expressed in terms of the mean anomaly and all semimajor axes
are equal. A general method is presented to estimate the linearized relative orbit geometry for both circular and
elliptic chief reference orbits. The relative orbit is described purely through relative orbit element differences, not
through the classical method of using Cartesian initial conditions. Analytical solutions of the relative motion are
provided in terms of the true anomaly angle. When this angle is swept from 0 to 27, it is trivial to estimate the
along-track, out-of-plane, and orbit radial dimensions. The orbit element-based relative motion predictions are
valid for both the osculating element space and the mean element space. The main assumption being made in the
linearization is that the relative orbit radius is small compared to the inertial orbit radius relative to Earth. The
resulting linearized relative motion solution can be used to assist in selecting the orbit element differences that
yield a natural desired relative orbit geometry. Linearized analytical solutions are provided that show what secular
drift is caused by having a nonzero semimajor axis difference, or what influence the J, gravitational perturbation

will have on the mean relative motion.

Introduction

O describe and control the relative motion between various

spacecraft in a formation, various coordinate sets have tradi-
tionally been used. A common choice is to use the Cartesian coor-
dinates of the relative position vector with components expressed in
the rotating Hill coordinate frame (see Refs. 1-3). The six Cartesian
initial conditions are the invariant parameters of the relative orbit.
A more accurate choice in coordinates would be to use curvilinear
coordinates in the same Hill coordinate frame. When either set is
used and a small relative orbit size and a circular chief orbit are as-
sumed, it is possible to solve the corresponding Clohessy—Wiltshire
differential equations of motion and obtain an analytical expression
of all possible uncontrolled relative motions. This solution has been
extensively used to study the linearized relative motion of satel-
lites and design reference trajectories for the relative orbit control
problem. An alternate set of six invariant parameters to describe
the relative orbit is to use orbit element differences relative to the
chief orbit.*~8 Prescribing the relative orbit geometry through sets
of relative orbit element differences has the major advantage that
these relative orbit coordinates are constants of the nonperturbed
orbit motion. Even if perturbations are present, they typically cause
the orbit element differences to vary slowly with time.

Several relative orbit control strategies have recently been sug-
gested that feed back relative orbit errors in terms of orbit element
differences.’~'> However, no mention is made in Refs. 9—13 of how
to construct a desired relative orbit geometry using orbit element dif-
ferences. Typically the required orbit element differences are found
through a trial and error method of changing the orbit elements
and observing the resulting relative orbit geometry. This is partic-
ularly true if the chief orbit has a significant nonzero eccentricity
value. In comparison, the analytical relative motion solution of the
Clohessy—Wiltshire (CW) equations provides direct insight into the
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shape, size, and location of the relative orbit. However, this elegantly
simple result is only valid for circular chief orbits.

The goal of this paper is to provide simple linearized estimates of
the uncontrolled (x, y, z) relative orbit motion in the rotating Hill
frame in terms of classical orbit element differences. Note that the
relative motion is still assumed to be defined in terms of the orbit
element differences and not the Cartesian coordinates. However,
the latter coordinates are used to describe the resulting relative orbit
geometry in a more intuitive manner. Contrary to previous work in
this area,”® the presented results are general in that they show the
effect of all six orbit element differences and apply to both circular
and elliptic chief orbits. Direct linearized relationships between the
orbit element differences and the resulting relative orbit geometry
are presented for both circular and eccentric chief orbits. No small
eccentricity assumptions are required in this development. In par-
ticular, the relative orbit along-track, out-of-plane, and orbit radial
motion and offsets are estimated for specific sets of orbit element
differences for the case of bounded relative orbits. The only lineariz-
ing assumption made here is that the relative orbit radius is small
compared to the inertial orbit radius. Furthermore, linear approxi-
mations to the orbit element drift equations are provided for having
unequal orbit energies and for studying mean relative orbit motion
under the J, gravitational influence. The solution is valid for both
bounded and unbounded relative motion. However, the relative orbit
(x, ¥, z) description is now only valid as long as the relative orbit
radius is small compared to the inertial orbit radius. Note that the
orbit element difference description itself is still valid if this is not
the case, only the linearized mapping into the (x, y, z) Hill frame
coordinates breaks down at this point.

Analytical solutions to the linearized relative motion with eccen-
tric chief orbits have been studied in Refs. 14-20. Melton developed
astate transition matrix that can be used to predict the relative motion
for chief orbits with small eccentricities.* Tschauner and Hempel
have solved the relative equations of motion directly for the general
case of having an elliptic chief orbit.'> Kechichian'® develops the
analytical solution to the relative orbit motion under the influence
of both the J, and J; zonal harmonics with the assumption that
the eccentricity is a very small parameter. However, all of these
relative motion solutions are not explicit and require the compu-
tation of an integral. In Ref. 17, Carter does present an analytical
solution to the linearized relative motion where the true anomaly is
used as the independent variable. However, this solution is in terms
of the Cartesian coordinates and not in terms of the desired orbit
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Fig. 1 General type of spacecraft formation with out-of-plane relative
motion.

element differences. In Ref. 20, this analytical linearized motion
result from Carter'” is used to study the relative motion dynamics
of elliptic chief orbits and derives Cartesian Hill frame coordinate
conditions for bounded relative motion. More recently, Broucke has
presented!® an analytical solution to the linearized relative equa-
tions of motion for eccentric chief orbits. His solution uses both
time and true anomaly and finds the current Cartesian coordinates
of a deputy satellite given the initial Cartesian coordinates. Unfor-
tunately all of these methods yield relatively complex solutions, and
the six Cartesian relative motion initial conditions do not easily re-
veal the geometry of the resulting relative orbit. In particular, the
secular and sinusoidal contributions are not easily separated, as is
the case with the CW equations solution. Thus, it is not intuitive to
the relative orbit design process how to adjust the initial Cartesian
conditions to obtain a relative orbit of the desired shape and size
without resorting to a numerical trial and error method.

In Refs. 12 and 21, a linearized mapping is presented between a
particular set of orbit element differences and the Cartesian position
and velocity coordinates in the rotating Hill reference frame. This
work was then expanded in Ref. 18 to provide the state transition
matrix for the relative orbit motion using a set of orbit elements
that are nonsingular for circular orbits. In the present paper, the lin-
earized mapping in Ref. 12 between orbit element differences and
the rotating Cartesian coordinates is recast into a new form using the
classical orbit elements. The simpler result can describe the relative
orbit geometry, that is, relative orbit positions, without singularities;
thus, there is no need to use the mathematically more complex non-
singular orbit elements. Furthermore, the solution is presented in
terms of differences in mean anomalies and not differences in true
latitude angles as in Ref. 12. The reason is that, for elliptic motions,
a mean anomaly difference between two satellites remains constant
under the assumption of classical Keplerian motion and equal orbit
energies. The final relative motion description is then simplified to
a form that isolates the static offsets and the sinusoidal motion com-
ponents, analogous to the algebraic form of the analytical solution
of the CW equations. The resulting linearized analytic relative orbit
solution is useful when designing a relative orbit that must meet sci-
entific mission requirements. If the relative orbit must have a certain
along-track behavior, then this solution directly shows how to adjust
the relative orbit element differences to achieve the desired motion.
Furthermore, the general solution for elliptic chief orbits is special-
ized for the small eccentricity case and near-circular orbit case.

Note that this paper does not discuss control applications of this
linearized relative motion description. This requires developing the
relative orbit velocity expressions. Schaub and Alfriend'? illustrate
how the complete linearized mapping between nonsingular orbit el-
ement differences and Cartesian Hill frame coordinates, including
velocity expressions, can be combined in a hybrid control law. In-
stead, the relative motion equations in this paper are provided for
analysis purposes to study natural, uncontrolled relative motions.

Relative Orbit Definitions

The following nomenclature is adopted to describe the satellites
within a spacecraft formation. The satellite about which all other

satellites are orbiting is referred to as the chief satellite. The re-
maining satellites, referred to as the deputy satellites, are to fly in
formation with the chief. Note that it is not necessary that the chief
position actually be occupied by a physical satellite. Sometimes this
chief position is simply used as an orbiting reference point about
which the deputy satellites orbit. To express how the relative orbit
geometry is seen by the chief, we introduce the Hill*> coordinate
frame O. Its origin is at the osculating chief satellite position, and its
orientation is given by the vector triad {0,, 04, 6} shown in Fig. 1.
The unit vector o, is in the orbit radius direction, whereas oy, is par-
allel to the orbit momentum vector in the orbit normal direction. The
unit vector 0y then completes the right-handed coordinate system.
Let r be the chief orbit radius and & be the chief angular momentum
vector. Unless noted otherwise, any nondifferenced states or orbit el-
ements are assumed to be those of the chief. Differenced states are
assumed to be differences between the deputy and chief satellite.
Mathematically, these O frame orientation vectors are expressed
as

o0, =r/r (1a)
69 = 6;, X 5, (lb)
o, =h/h (Ic)

with A = r x r. Note that, if the inertial chief orbit is circular, then
0y is parallel to the satellite velocity vector.

The relative orbit position vector p and velocity vector p of a
deputy satellite relative to the chief is expressed in Cartesian O
frame components as

p=v27 2)
p=(y2" 3)

The relative position and velocity vectors are compactly written as

X= (’.’ ) )
p

Thus, given both the relative position vector p and the chief po-
sition vector r, we are able to determine the inertial motion of a
deputy satellite. Note that the x and y coordinates do not have to be
interpreted as rectilinear coordinates. When they are interpreted as
curvilinear coordinates, no changes in the mathematical expressions
are required. Here x is interpreted as a difference in the orbit radius,
and y is interpreted as the curved flight-path difference. Assuming
x and y are curvilinear results greatly enhances the accuracy of the
linearization result.

Instead of using Cartesian coordinates to describe the relative
position of a deputy to the chief, we can also use orbit element
differences.*> Let the vector e be defined through the orbit elements

e=(a,0,i,q1,q, Q7 (5)

where a is the semimajor axis, § = w + f is the true latitude angle,
i is the orbit inclination angle, 2 is the argument of the ascending
node, and ¢g; are defined as

g1 = ecosw (6)
¢, = esinw (7

The parameter e is the eccentricity, w is the argument of perigee, and
f is the true anomaly. Let the relative orbit be described through
the orbit element difference vector e. Whereas all six elements
of the relative orbit state X vector are time varying, all of the orbit
element differences, except for the true anomaly difference, are con-
stant for a nonperturbed Keplerian orbit. This has many advantages
when measuring the relative orbit error motion and applying it to
a control law. In Refs. 12 and 21, a convenient direct mapping is
presented, which translates between the Cartesian states X and the
orbit element differences de. In deriving this mapping, it is assumed
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that the relative orbit radius p is small in comparison to the inertial
chief orbit radius 7. Whereas in Ref. 12 both the forward and back-
ward mapping between these relative orbit coordinates are shown,
only the mapping from orbit element differences to Cartesian Hill
frame coordinates is used in the following development. The rela-
tive position vector components are given in terms of orbit elements
through

x ~ (r/fa)éa + (V,/V)ré6 — (r/p)(2aq, + r cos 8)dq,

— (r/p)(2aq; + r sin0)éq, (8a)
y A (86 + cosidR) (3b)
7z A r(sin@8i — cos 6 sini62) (8c)

The parameter p =a(l —e?) =an?® is the semilatus rectum, with
1 = /(1 — €*) another convenient measure of the orbit eccentricity.
The chief radial and transverse velocity components V, and V, are
defined as

V, =i = (h/p)(g: sinf — g cos 6) )
V,:ré:(h/p)(l—‘rql cos 6 + g, sin6) (10)

The orbit radius r is defined in terms of the orbit elements used in
Eq. (5) as

_ “(1—1112_‘122) _ an? an
" 14qicosf+¢qysind  14ecosf
Note that the ratio V, /V, in Eq. (8a) can be rewritten as
V., qisin@ —qycos  esinf (12)

V,_ 14 gy cos0 + g, sin6 - 1+ecos f

Alternate mappings between orbit element differences and Cartesian
relative orbit coordinates are found in Refs. 6 and 23. The following
development will take this orbit element mapping between local
Cartesian coordinates and orbit element differences and reformulate
the solution into a new form where the relative orbit geometry will
be readily apparent. For the circular chief orbit special case, the
CW relative equations of motion have the convenient analytical

solution?*%>
x(t) = Agcos(nt + o) + Xof (13a)
y(t) = =2Ap sin(nt + o) + Yoir — %nxofft (13b)
z(t) = By cos(nt + B) (13¢)

The integration constants Ag, By, &, B, Xoft, and Yo are determined
through the relative orbit initial conditions. By the choice of the ini-
tial relative orbit Cartesian coordinates, the resulting relative orbit
geometry can be easily seen through the secular, sinusoidal, and con-
stant terms in Eq. (13). For the relative orbit designer, what classes
of unforced relative orbit motion is possible is readily apparent. This
type of relative orbit geometry analysis is not possible with the form
of the relative motion description in Eq. (8) because the terms 86, r,
V, and Vj are all time varying. The following development will yield
a simple solution of the linearized relative motion for generally ec-
centric orbits that is equivalent to the simple classical CW solution
of the circular chief motion special case. Given specified orbit ele-
ment differences, the resulting linearized relative orbit motion will
be seen through a simple combination of constant offsets, secular
terms, and sinusoidal components. Contrary to the CW analytical
solution, this relative orbit description will apply to both circular
and eccentric chief orbits.

Mean Anomaly Drift Due to Unequal Orbit Energies

With the assumption of unperturbed Keplerian motion, the orbit
period is determined solely from the semimajor axis a. When other
perturbations are ignored, if two orbits have unequal semimajor
axes, then we expect the two anomaly angles to drift apart. Thus,

having a non-zero da will result in the mean anomaly difference
M having a secular drift. This section derives analytical solutions
the mean anomaly drift in terms of the true anomaly angle as the
independent variable instead of the time variable. These first-order
approximations will be of use in the following sections where the
linearized relative motion is described in terms of mean anomaly
differences. The chief mean anomaly M is given by

M(t) =nt + My =/ iu/a*t + My (14)
where My = M (). The mean anomaly rate is expressed as

= _ K (15)
d —\ad

Taking the first variation of Eq. (15), we find that small differences
in mean anomaly rates 6 M are related to small differences in the
semimajor axis §a through

_deM) 3 [n 3 sa
M = =—— | —8fa=——n— 16
dr W T 2" (16)

When these differences are defined to be differences between deputy
and chief satellite orbit elements, Eq. (16) provides an approxima-
tion to how the mean anomaly difference will vary due to a. Note
that the true nonlinear drift in mean anomalies is given by

SM =My — M =/iu/(a+8a)y’ —/ju/a? (17)

where a; = a + da. We could easily integrate Eq. (16) with respect
to time to estimate the mean anomaly difference at a particular
time step 7. However, it would still be necessary to solve Kepler’s
equation to relate a time ¢ to the corresponding true anomaly angle
f to make use of the relative orbit description in terms of true
anomaly dependent orbit element differences. These are extra steps
in evaluating the linearized relative orbit that are preferably avoided
to yield a simple analytical solution of the linearized relative motion
applicable for relative motion analysis. The following steps will
lead to an analytical solution of the linearized drift equation s M (f).
First, the differential equation in Eq. (16), which is expressed with
respect to time, is rewritten to be expressed with respect to the true
anomaly f. To accomplish this, we make use of the identity

dr r? n’
—=—— (18)
df h n(l+4ecosf)?

where = /(1 — ¢%). Multiplying both sides of Eq. (16) by d¢/d f,
we find

, d 3 n’ da
M = —@M)=—>——"1__ =
df 2(1+ecosf)? a

19
The differential equation in Eq. (19) could be numerically integrated
with respect to the true anomaly f to find the required M (f)
without having to solve Kepler’s equation at each integration step.
However, this differential equation can be solved analytically as
well. Note that

f ]73

B mdf=M(f)—Mo (20)

where My = M (fy). Applying this integral solution to Eq. (19)
yields

SM(f) =8My— 3(M(f) — Mo)(Sa/a) @n
The mean anomaly is expressed in terms of the true anomaly using

M = E(f) — esin E(f) 22)
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The variable E is the eccentric anomaly and is related to the true
anomaly f through the transformation

V1 —esin(f/Z))
V14 ecos(f/2)

When E(f) is numerically evaluated, note that the arctan2(x, y)
function should be used to avoid arctan() singularities and obtain
angles in the proper quadrant. Thus, Eq. (21) provides a direct ana-
lytical approximation of the mean anomaly drift due to §a in terms
of the true anomaly f. Furthermore, note that this §M (f) approx-
imation is valid for chief orbits of any eccentricity, as long as the
relative orbit size has not grown large compared to the chief iner-
tial orbit radius. The term M ( f) provides the expected secular term
in M (f) due to the semimajor axis difference a and will grow
unbounded with time.

A common mission scenario is that the chief orbit only has a
weakly eccentric orbit. The general expression in Eq. (21) can then
be refined by neglecting higher-order terms of the eccentricity e and
only retaining terms that are linear in e. Because we are already
dropping higher-order terms in p/r to obtain the linearized relative
motion equations, a weakly eccentric orbit is understood to be one
where ¢" (with n > 1) is smaller than p/r and e is larger than p/r.
For this case, the approximation of the mean anomaly drift §M (f)
is expressed as

SM(f) = 8M(fo) = 3(f —2esin )l Baja)  (24)

If the chief orbit is essentially circular, then e is virtually zero and
much smaller than the relative orbit radius to inertial orbit radius
ratio p/r. In this case, the approximation of the mean anomaly drifts
SM(f) is reduced to

SM(f) =8M(fo) = 5(f — fo)(a/a) (25)

General Elliptic Orbits

To find a simple closed-form analytical solution of the linearized
relative motion, note that Eq. (8) provides a direct linear mapping
between orbit element differences de and the Hill frame Cartesian
coordinates p. The only linearizing assumption made is that the
relative orbit radius p is small compared to the inertial chief or-
bit radius r. No small eccentricity assumptions have been made.
However, when a relative orbit is described through orbit element
differences, it is not convenient to describe the anomaly difference
through §6 or 6f. For elliptic chief orbits, the difference in true
anomaly between two orbits will vary with time even when the rel-
ative orbit is closed and bounded. To avoid this issue, the desired
anomaly difference between two orbits is expressed here in terms
of a mean anomaly difference § M. This anomaly difference will
remain constant even for elliptic chief orbits, with the assumption
of unperturbed Keplerian motion with equal orbit energy states as
shown in Egs. (21), (24) and (25). To express the mean anomaly
differences in terms of other anomaly differences, we make use of
the mean anomaly definition

M =FE —esinE (26)

E(f) = 2arctan < (23)

where E is the eccentric anomaly. Taking its first variation, we
express differences in mean anomaly in terms of differences in ec-
centric anomaly and differences in eccentricity,
oM oM )
SM = 8—E8E+ 8—8e: (I —ecos E)SE —sin Ede  (27)
e

‘When the mapping between eccentric anomaly E and true anomaly

f is used,
tan(f/2) = /(1 +e)/(1 —e)tan(E/2) (28)

and its first variation is taken, differences in E are then expressed
as differences in f and e through
n sinf e

SE = — —
1+ecos f 1+4+ecosf n

29

When Eq. (29) is substituted into Eq. (27) and use is made of the
orbit identities

n2

(1 —ecosE) = Tiecosh) (30)
sing = — 1SS G1)
(14 ecos f)

the desired relationship between differences in true and mean
anomalies is found.

8f = [(1 +ecos £)*/n*18M + (sin £/n*)(2 + ecos f)de (32)

Let us redefine the orbit element difference vector de to consist of
the classical orbit elements,

se = (8a, M., 5i, Sw, Se, 52)7 (33)

Note that all of these orbit element differences are constants for
Keplerian two-body motion, where all orbits have equal energy
states. Furthermore, although using ¢; and ¢, instead of ¢ and w
allows us to avoid singularity issues for near-circular orbit veloc-
ity expressions, for the following relative orbit geometry discussion
such singularities do not appear. In fact, describing the relative orbit
path using e and dw instead of 8¢q; and 8¢, yields a simpler, more
elegant, and thus a more intuitive result to analyze all possible un-
forced relative orbits. However, to use this linear mapping between
orbit element differences and Hill frame Cartesian coordinates in
control applications, the nonsingular elements in Eq. (5) should be
used to avoid near-circular orbit singularity issues. Control laws us-
ing Eq. (8) have been discussed in Ref. 12. Using Eqgs. (6) and (7),
the differences in the ¢; parameters are expressed as

8q1 = coswde — e sin wdw (34a)
g, = sinwéde + e cos wdw (34b)

After substituting Eqs. (32) and (34) into the linear mapping in
Eq. (8) and simplifying the result, we are able to express the rel-
ative position coordinates (x, y, z) in terms of the orbit element
differences in Eq. (33) through

x(f) =~ (r/a)da + (aesin f/n)SM — acos fde (35a)
y(f) ~ (r/n*)(1 4+ ecos f)?8M + réw
+ (rsin f/9?)(2 + ecos f)de + r cosisQ (35b)

2(f) ~ r(sin@8i — cos  sinisQ) (35¢)

Note that with this linearized mapping the difference in the argument
of perigee dw does not appear in the x () expression. Furthermore,
these equations are valid for both circular and elliptic chief orbits.
Only the §M and §e terms contribute periodic terms to the radial
x(f) solution. Because of the dependence of r on the true anomaly
f, all orbit element difference terms in the along-track y( f) motion
contribute both static offsets as well as periodic terms. For the out-
of-plane z( f) motion, both the §i and 62 terms control the out-of-
plane oscillations. By dividing the dimensional (x, y, z) expressions
in Eq. (35) by the chief orbit radius 7 ( f) and making use of Eq. (11),
we obtain the nondimensional relative orbit coordinates (u, v, w).

x(f)/r(f) =u(f) = daja+ (1+ecos f)(esin f/n’)sM

—[(1 + ecos f)/n*]cos fde (362)
Y(O/r(f) =v(f) = (1 +ecos )*EM/n’) + s

+ (sin f/n*)(2 + e cos f)8e + cos i8R (36b)
2(f)/r(f) = w(f) ~ sin68i — cos b sinidQ (36¢)

Because (y, z) < r, the nondimensional coordinates (v, w) are the
angular deputy satellite relative orbit position with respect to the
chief orbit radius axis.
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However, the present form of Eq. (36) is not convenient to de-
termine the overall nondimensional shape of the relative orbit. The
reason is that there are several sin( ) and cos( ) functions being added
here. Using the identities

Asint 4+ Bcost = /A2 + B2 cos(r — tan”'(A/B))
= —/ A%+ BZsin(r — tan"!(B/—A)) 37

as well as standard trigonometric identities, we are able to rewrite
the linearized nondimensional relative orbit motion as

u(f) ~ 8a/a+ (1/n)/e26M? /12 + 5e? cos(f — f,)

— e8e /2" + (e/207)y/ 26 M2 /n? + be? cos2f — f,) (38a)
v(f) ~ [(1 +€/2)(BM /1) + Sw + cos i8]

+ @/ ESM2 /02 + be? cos(f — f,)

+(e/20°)y/ 28 M2 /0 + b cos2f — f,) (38b)
w(f) ~ v/8i2 + sin? 1822 cos(8 — 6,) (38¢)

with the phase angles f,, f,, and 6,, being defined as

M
fu= tan™! (in56> (39a)
T GULCE (39b)
’ M 2
5i
6, = tan”' (—’) (39¢)
—sinid2

At the phase angles f, and 6,,, the trigonometric terms will reach
either their minimum or maximum value. Note that 180 deg can
be added or subtracted from these angles to yield the second ex-
trema point of the trigonometric functions. To further reduce the
expression in Eq. (38), let us introduce the small states 8, and J,,:

8, =/ €25M?/n? + 8e? (40a)
8, = v/ 8i2 + sin? i8Q2 (40b)

When these 3, and §,, definitions are used, as well as Eq. (39b), the
linearized relative orbit motion is described through

u(f) ~ 8aja — eSe/2n*
+ (8. /n*)[cos(f — fu) + (e/2) cos2f — fi)] (41a)
v(f) ~ [(1 + €*/2)(8M/1®) + 8w + cos i8S2]

— (8. /) [2sin(f = f) + (e/2) sinf — f)] (41b)
w(f) ~ 5117 COS(Q - ew) (41C)

These equations describe the general linearized relative motion of
the deputy satellite relative to the chief in terms of orbit element
differences and using true anomaly as the independent variable. For
the nondimensional motion where da =0 and § M = const, static
offsets terms and sinusoidal terms are cleanly separated, as is the
case with the classical analytical relative motion solution of the CW
equations in Eq. (13). The secular growth terms are hidden in the or-
bit element description in the orbit element differences themselves.
For this common analytical case where feasible bounded relative
motions are studied, the relative motion is obtained using Eq. (41)
by simply sweeping the true anomaly angle from its initial state
f(to) to its final state f(4). For the case where a nonzero a is con-
sidered, then Eq. (21) is used to express the now time-dependent

SM(f) term. If the orbit element differences vary with time due
non-Keplerian influences, then the orbit element drift differential
equation §é will have to be solved numerically for the most general
case. To relate the anomaly angle and the current time, Kepler’s
equation must be solved at each time step.

To avoid standard inverse tangent singularities in the computa-
tion of the phase angles in Egs. (39a-39c), it is important that the
arctan 2(x, y) function and not the arctan(x) function is used to ob-
tain an angle in the proper quadrant. The only numerical problems
that might arise computing f, or f, is when either e or 6 M and
de are zero. For this degenerate case, there would be no relative in-
plane motion between the deputy and chief satellites (6, = 0) and the
phase angle f, is arbitrary. However, typical relative orbit designs
require a nonzero e or § M term. Similarly, the 6,, angle is arbitrary
if either i or §2 and §i are zero. However, in this degenerate case
no relative out-of-plane motion would occur with §,, being zero.

Note that the cos(2 f) and sin(2 f) terms are multiplied by the
eccentricity e. Only if the chief orbit is very eccentric will these
terms have a significant contribution to the overall relative orbit di-
mension. For the more typical case of having a chief orbit with a
small eccentricity e, these terms only provide small perturbations
to the dominant sin( f) and cos(f) terms. However, the linearized
relative motion solution shown is valid for any elliptic chief orbit ec-
centricity. No expansions in e have been taken here. When Eq. (41)
is used, it is trivial to determine the maximum radial, along-track
and out-of-plane dimension of a relative orbit provided that the rel-
ative orbit geometry is prescribed through the set of orbit element
differences {Sa, de, 8i, 62, dw, 8 M}. The only linearizing assump-
tion made so far is that the relative orbit radius is small compared
to the planet centric inertial orbit radius. However, note that we are
only estimating the nondimensional relative orbit shape. To obtain
the true radial, along-track, and out-of-plane motions, we need to
multiply (u, v, w) by the chief orbit radius r. Because r is time de-
pendent for an elliptic chief orbit, the points of maximum angular
separation between deputy and chief satellites may not correspond
to the point of maximum physical distance. To plot the dimensional
linearized relative orbit motion, we use Eq. (35) instead. However,
because of the ratio’s of sin() and cos() terms, it is not trivial to
obtain the maximum physical dimensions of the relative orbit.

Let us take a closer look at the out-of-plane motion. The true lat-
itude angle 6,,, at which the maximum angular out-of-plane motion
will occur, is given by Eq. (39c). As expected, if only a §Q is pre-
scribed, then the maximum w( f)) motion occurs during the equator
crossing at 6 =0 or 180 deg. If only a §i is prescribed, then the
maximum w motion occurs at § = £90 deg.

The maximum angular out-of-plane motion is given by the angle
8, as shown in Fig. 2. This angle §,, is the tilt angle of the deputy
orbit plane relative to the chief orbit plane. As such, it is the angle
between the angular momentum vector of the chief orbit and the
angular momentum vector of the deputy orbit. To prove that §,, is
indeed this angle, let us make use of the spherical law of cosines
for angles. Using the spherical trigonometric law of cosines, we are

Deputy Orbit

Fig. 2 Orbit plane orientation difference between chief and deputy
satellites.
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able to relate the angles 82, i, §i and §,, through?®
€088, = cosi cos(i + 8i) + sini sin(i + &i) cos §2 42)

Assuming that §€2, §i and §, are small angles, we approximate
sinx ~ x and cos x &~ 1 — x2/2 to solve for 8,

8y =V 8i% +sin® 82 (43)

With use of the angle §,,, the out-of-plane motion w( f) in Eq. (41c)
is written in the compact form shown.®%’

Chief Orbits with Small Eccentricity

In this section we assume that the chief orbit eccentricity e is a
small quantity. In particular, we assume that e is small but greater
than p/r, whereas powers of e are smaller than p/r and are thus
dropped. The inertial orbit radius r is now approximated as

anz

r:m%a(l—ecosf) (44)

wheresas 7%~ 1. The linearized dimensional relative orbit motion

in Eq. (35) is written for the small eccentricity case as

x(f)~ (1 —ecos f)déa + (aesin f/n)dM — acos fée (45a)

y(f) = (a/n)(1 +ecos f)6M + a(l —ecos f)éw
+asin f(2 —ecos f)de +a(l —ecos f)cosié (45b)

z(f) ~ a(l —ecos f)(sin@8i — cos B sinis) (45¢)

Making use of the trigonometric identity in Eq. (37), the (x, y, 2)
motion is rewritten as

x(f) = 8a+ad, cos(f — fx) (462)
y(f) = a(ldM/n+ Sw 4 cosid)

—adysin(f — f,) — (ae/2)sin(2 f)Se (46b)
z(f) =~ ad,cos(@ — 0,) — (ae/2)8,cos(2f — f,)

— (ae/2)(sinwdi — cos w sinidS2) (46¢)

with the small states §,, §,, and §, defined as

8, = /e28M?/n? + (8¢ + da/a)? (472)

8, = \/48¢> + 2 (8M /0 — Sw — cos i8Q)> (47b)

8, = +/8i2 +sin?isQ? (47¢)

and the phase angles f., f,, 0, and f. defined as

fomtan M (48a)
—n(Se + da/a)
SM/n — dw — 52
o (Mt
si
6. = tan~! [ —L (48¢)
—sinid2
£t _; [ coswdi + sinwsinidQ @8d)
. = tan
; sin wdi — cos w sin i 52

As was the case for the general eccentric orbit case, the linearized
relative motion solution in Eq. (46) has the static and trigonometric
terms separated. If §a is non-zero, then the M (f) term expressed
in Eq. (24) will lead to a secular growth of the relative orbit.

The tan~!() terms are again computed using the arctan 2(x, y)
function to avoid singularities with a zero denominator and obtain an
angle in the proper quadrant. Note that the orbital radial motion x ( f)
for the small eccentricity case is identical to the general orbit radial
coordinate in Eq. (35a) if éa is zero. The semimajor axis difference

must be zero for bounded relative motion if no perturbations are
present. With perturbations present, §a may be nonzero, and the
orbit radial coordinate will then be different between the linearizing
approximations. The estimated along-track motion y(f) and out-
of-plane motion z( f) will always be numerically different between
the generally elliptic case and the small eccentricity case.

The dimensional form of the relative orbit motion in Eq. (45)
is convenient to determine the amplitudes of the sinusoidal mo-
tion in either the along-track, orbit radial or out-of-plane motion.
Note that because e is considered small, the double-orbit frequency
terms sin(2 f) are only a minor perturbation to the dominant orbit
frequency sinusoidal terms. Also, if the orbit element differences
remain constant, then the true anomaly angle f determines the rel-
ative motion. If §e is nonzero, then the orbit element drift equations
must be solved as well.

Near-Circular Chief Orbit

If the chief orbit is circular or near circular, and the relative orbit
radius is small compared to the planet centric orbit radius, then
the linearized relative equations of motion are given through the
famous CW equations.?* These are sometimes also referred to as
Hill’s equations.?? These differential equations of the relative orbit
motion can be solved for the explicit analytical solution repeated
here,

x(t) = Agcos(nt + o) + Xof (49a)
y(t) = —2A¢ sin(nt + &) + yoir — 2nxot (49b)
z(t) = By cos(nt + B) (49c¢)

The integration constants Ao, By, @, B, Yoir, and X are determined
through the relative orbit initial conditions. These equations have
been extensively used to generate relative orbits if the chief orbit is
circular. Let us now compare the predicted (x, y, z) motion in terms
of the true anomaly in Eq. (46) to the CW solution in Eq. (49) if the
chief orbit is assumed to be near circular, that is, ¢ < p/r. In this
case, terms containing the eccentricity e are dropped, as compared
to the small eccentricity case studied earlier where only higher-order
terms of e were dropped. Assuming that all e components are small
(i.e., the relative orbit radius is assumed to be small compared to
the inertial orbit radius), and letting e — 0, we find that » — a and
n — 1. Furthermore, note that f; and f, approach 0. When Egs. (46)
and (25), are used, the relative orbit motion [x(f), y(f), z(f)] is
expressed for the near-circular chief orbit special case as

x(f)~ —acos fée + da (50a)
y(f) =~ 2asin fée + a(Bw + M (fy) + cosis)
—3(f = fo)da (50b)

2(f) ~ av/ 8i% + sin® 1892 cos(9 — 6,) (50c)

Note that the maximum width of the oscillatory along-track motion y
is given by 2ade. This particular result has been previously presented
in Refs. 7 and 8. Comparing Eqgs. (49) and (50) and noting that
nt = f — foforthis case, we are able to establish a direct relationship
between the CW constants and the orbit element differences,

Ay = —ade (51a)
By = av/8i? + sin” i §Q2 (51b)
a=fo (5lc)

B=w—06, (51d)

Xoff = da (51e)

Yotr = al8w + 8M( fo) + cos i8] (51f)

Incorporating the J, Perturbation

For low Earth orbits, the J, gravitational perturbation is the dom-
inant perturbation for a formation with spacecraft of equal type and
build. Whereas the atmospheric drag will cause all satellite orbits
to continuously loose energy, the deceleration is nearly identical
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among these spacecraft. The J, perturbation will cause all six orbit
elements, and thus all six orbit element differences used to describe
the relative orbit, to vary with time. This perturbed motion of the
orbit elements is separated into short-period, long-period, and sec-
ular motion.?® The short- and long-period motion is cyclic and does
not cause unbounded relative orbit growth. The instantaneous mo-
tion of a satellite is referred to as the osculating motion. The mean
motion is what remains after the short-period and long-period mo-
tions have been removed. This mean motion can be thought of as
an orbit-averaged motion. The Brouwer*—Lyddane theory is used
to obtain a first-order analytic mapping between the osculating and
mean orbit elements at any instance of time. With use of this theory,
given any instantaneous osculating orbit elements, it is possible to
compute the corresponding mean orbit elements without performing
any averaging computation over time. This is attractive for space-
craft formation flying, where often it is not necessary to control the
short- or long-term period motions of the relative orbit, but rather
the focus is to avoid and counter the long-term drift caused by the
secular motion.

Although all six orbit elements will vary with time, when mapping
the osculating orbit elements to mean orbit elements, only three
orbit elements are found to exhibit secular growth due to the J,
gravitational influence. Let the parameter € be defined as

e(@,¢) = 3h[rgfa(l —N)]’ (52)

The mean element differential equations are given by?>3°

lating linearized relative motion, all 12 differential equations for the
chief and deputy osculating orbit elements would have to be solved.
Let us focus on computing the mean relative motion between satel-
lites. Because é; is constant [Eq. (53b)], the differential equations
{SQ, Sw, §M,} are trivially solved to yield {§Q2 (), Sw (1), SMy(t)}.
However, to use these time-dependent orbit element differences in
the linearized relative motion solution in Eq. (41), it is still neces-
sary to solve Kepler’s equation at each time step to map the time
state ¢ into an equivalent true anomaly angle f.

The following development will illustrate how this can be avoided
to yield a complete analytical solution of the linearized relative mo-
tion (in mean element space) using the true anomaly angle f as the
independent variable. Taking the first variation of é,, we are able to
estimate how the small orbit element differences de; = {da, de, 5i}
will affect the orbit element difference rates e, = {§2, S, § My},

8Q(t) = en[] cosi(8a/a) — 2(e/n*) coside + §sinidi]  (54a)

8o (t) = en[—1(5Scos’i — 1)(a/a)
+(e/n*)(5cos?i — 1)8e — % sin(2i)8i] (54b)
8Mo(t) = en[—gn(3cos®i — 1)(8a/a)

+ %(e/n)(3 cos?i — 1)de — %77 sin(2i)8i] (54¢)

Next, these differential equations are multiplied by df /d f in Eq. (18)
to obtain Je),

8Q/(f) = €[} cosi(da/a) — 2(e/n?) coside + 4 sinisi|[n’ /(1 + ecos f)*] (552)
seq

8¢/ (f) = €[—1(5cos’i — 1)(8a/a) + (e/n*)(Scos’i — 1)8e — 3 sin(2i)8i |[n*/(1 + e cos f)’] (55b)
Ske

SMy(f) = €[~ In(cos™i — )(Ba/a) + 3(e/mBceos’i — e — nsin(2)siln*/(1 + ecos f)’] (55¢)
Seu

= -0
dr
. de
e ) = — =0
1(1) o
di
— -0
dt (53a)
dQ e(a,e)
— = cos i
dr 2
. d ,
é)(t) = d_C: = 6(a4 e)n(S cos?i — 1)
dM, ,
—9_ € e)nn(Scoszi —1)
dt 4 (53b)

Unless noted otherwise, in this section it is assumed that all orbit
elements have been mapped into the mean element space. As such,
only the secular J, induced motions are considered. Note the natural
splitinto the orbitelements setse; = {a, e, i} and e, = {2, w, My} in
the mean element differential equations in Eq. (53). Thus, whereas
the mean element set e, will experience secular drift due to the J,
gravitational perturbation, the rate of drift is constant and solely
determined by the invariant mean element set e;.

To predict the mean linearized relative motion using the orbit
element difference expressions in Egs. (41), the differential equa-
tions €, in Egs. (53) could be analytically integrated with respect
to time to yield the chief and deputy orbit element time histories
e(t) and e, (1), respectively. Note that only the three uncoupled orbit
element difference differential equations {§€2, dw, § M} need to be
integrated because the mean {a, e, i} elements to not vary under the
influence of the J, gravitational attraction. However, to find the oscu-

Note that the terms d«q, 8k, and Sk, are constants because the
mean da, e, and i orbit element differences to not vary under
the influence of the J, gravitational perturbation. When the inte-
gral expression in Eq. (20) is used, these differential equations are
integrated with respect to the true anomaly angle f to yield

8Q(f) = 8Q(fo) + €kl M(f) — My] (56a)
S (f) = dw(fo) + €k [M(f) — Mo] (56b)
SMo(f) = Mo (fo) + €dky[M(f) — Mo] (560)

The current mean anomaly difference M (f) is found by substi-
tuting the § M, (f) into Eq. (21). With these analytic solutions to
the mean §Q2(f), dw(f), and SM (f) behavior, using Eq. (41) we
have an analytic solution to the mean linearized relative orbit motion
with the J, gravitational perturbation included. If we assume that
the chief orbit is only weakly linear, then the terms d«gq, 8k, and
Sk reduce to

Skg = 7 cosi(8a/a) — 2ecoside + § sinidi (57)
Sko = —1(5cos?i — 1)(8a/a) + e(5cos?i — 1)8e — 3 sin(2i)3i
(58)

Sy = —fn(Bcos?i — 1)(8a/a) + 3e(3cosi — 1)de
— 2 sin(2i)8i (59)

If the chief orbit is near circular, then all terms containing e are
dropped leading to the simplified terms

kg = 1 cosi(da/a) + 5 sinidi (60)
ko = —3(5cos?*i — 1)(8a/a) — 3 sin(2i)8i (61)
iy = —gn(3cos?i — 1)(8a/a) — 31 sin(2i)8i (62)
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Note that this elegant analytical solution to the orbit element
differences de( f) is only possible because, for the mean motion, the
8é, () rates only depend on the constant mean e; and Se; parameters.
When the ée), (f) rates are computed, the expressions do depend on
the independent variable f, but are still analytically integrable. In
comparison, to find the osculating linearized relative motion, it is
necessary to numerical integrate the 12 orbit element differential
equations ¢'(f) and e/,(f) for the chief and deputy satellites to
obtain the required de( f) values.

Numerical Simulations

The following numerical simulations verify that the relative mo-
tion approximation in Eqgs. (35), (46), and (50) do indeed predict
the spacecraft formation geometry. These simulations also illustrate
the accuracy at which these simplified linearized solutions are valid.
Let the chief orbit be given by the orbit elements shown in Table 1.

The relative orbits are studied for two different chief eccentrici-
ties. For the relative orbits studied, the ratio p/r is about 0.003. The
smaller of the two eccentricities considered is already an order of

o 0

10

o

Out-of-Plane [km]

-10

adla[ [&7'1; 5

a) Relative orbits in Hill frame for ¢ =0.03

¢) RMS relative orbit error in kilometers vs chief true
anomaly angle f for e =0.03

magnitude larger than this, whereas the second eccentricity is even
larger again. The numerical simulations show that the small eccen-
tricity assumption, that is, retaining terms in e but dropping higher
order terms in e, will still yield a reasonable relative orbit prediction
for e =0.03, even though it is larger than the small term p/r. The
orbit element differences that define the relative orbit are given in
Table 2. Because these simulations assume Keplerian motion of the
satellites, the semimajor axis difference 6a must be zero to achieve
a bounded relative motion.

Table 1 Chief orbit elements

Orbit elements Value
a, km 7555
e 0.03 or 0.13
i,deg 48.0
Q, deg 20.0
w, deg 10.0
My, deg 0.0
case 4 110
case 3
15
case 1,2 é
g.:)
{0 g
o
g
=1
o

d) RMS relative orbit error in kilometers vs chief true
anomaly angle f for e =0.13

Fig. 3 Comparison of the linearized relative orbit solutions for cases 1-4 with ¢ =0.03 and e =0.13.
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Table 2 Orbit element differences
defining spacecraft formation geometry

Orbit elements Value
da, km 0

Se 0.00095316
8i, deg 0.0060
82, deg 0.100
Sw, deg 0.100

S My, deg —0.100

For example, for the e =0.13 case, these orbit element differ-
ences were chosen assuming the relative orbit is to have an angular
along-track offset of 0.060777 deg, a sinusoidal along-track angu-
lar motion of 0.027435 deg, and an angular out-of-plane motion of
0.074556 deg. Thus, with use of Eq. (41a), 6 My, dw, and 62 are
chosen such that

(14 ¢%/2)(8Mo /n*) + b + cos i8Q = 0.060777 deg

Clearly this choice in § My, §w, and 82 is not unique. Other com-
binations would yield the same angular offset. The eccentricity dif-
ference de is chosen using Eq. (41b) such that

Q2/n*)\/e28M3 [ n? + 8e* = 0.027435 deg

Finally, the inclination angle difference is chosen using Eq. (41c)

such that
V8i?2 +sin?i8Q2 =

0.074556 deg

Figure 3 compare the relative orbit motion for four different cases.
Case 1 is the relative motion that will result using the true nonlinear
equations of motion. Case 2 uses the dimensional linearized analyt-
ical relative orbit solution in Eq. (35). The only assumption that has
been made here is that the ratio between the relative orbit radius p
and the inertial chief orbit radius 7 is small and terms involving p/r
have been dropped. Case 3 assumes that the chief orbit eccentricity
is small, but not near zero. The relative orbit motion is described
through Eq. (46). Case 4 uses Eq. (50), which assumes that the chief
orbit is near circular and that e is very close to zero. Case 4 is not
included here to suggest that a circular orbit assumption should be
made when the chief orbit is clearly eccentric. The circular chief
orbit assumption case is included to provide a relative comparison
illustrating the extent of the eccentricity effect.

The resulting relative orbit motion is shown in Fig. 3. Figures 3a
and 3b show the three-dimensional relative orbits for cases 1-4 as
seen by the rotating Hill reference frame. The relative orbit radii vary
between 10 and 20 km. When e = 0.03, note that the relative orbits
for cases 1-3 are virtually indistinguishable. Only the relative orbit
prediction assuming a circular orbit (case 4) has a clearly distinct
motion. When Fig. 3b with e = 0.13 is examined, case 2 relative orbit
is still indistinguishable on this scale from the true relative motion
in case 1. With this larger eccentricity, the relative motion predicted
in case 3 (dropping higher-order terms in ¢) does show some visible
departure from the true relative motion. As expected, the circular
chief orbit assumption (case 4) yields a very poor prediction of the
relative orbit motion.

In Figs. 3¢ and 3d, the rms relative orbit errors are shown in polar
plots vs the chief orbit true anomaly. For the e = 0.03 simulations,
the relative orbit errors for case 2 lie between 20 and 40 m. Because
the relative orbit radius is roughly 10 km, this corresponds to a
0.2-0.4% relative motion error. The rms relative motion error for
case 3 is only marginally worse. As was discussed earlier, dropping
the higher order e terms should begin to have a noticeable effect on
the relative motion errors. For the e = 0.13 simulations, the relative
motion errors for case 2 lie between 50 and 100 m (roughly 0.5-1.0%
errors). However, dropping the higher-order e terms in case 3 has
a very noticeable effect with the relative motion errors growing as
large as 500 m (about 5.0% error).

0.001
— — — — Linear Eccentricity

General Eccentricity
0.0001

0.00001 F {\\AN ’\\’\/\/\/\’\”“/ Ay
W |'\l

/"\f\\,\/\/\
u i
l i
|
|

u’uu.

<1078

M Error [deg|
-

1.-107

Orbit Periods

a) Mean anomaly difference approximation error

Original Relative Orbit

5
OI'b jt Ra .0
dla Y /]Q;S

b) Hill orbit frame view for parameter set 1 with Keplerian orbits

Fig. 4 Mean anomaly difference drift predictions with Keplerian
orbits.

To illustrate the accuracy of the linearized mean anomaly drift
prediction in Eq. (21), the orbit elements in Table 1 and the orbit
element difference in Table 2 are used, except for the semimajor
axis difference da being 0.1 km in this case. The chief eccentricity
is 0.13.

Figure 4a compares the mean anomaly drift approximation errors
of Eq. (21) (solid line) and Eq. (24) (dashed line) relative to the true
nonlinear solution on a logarithmic scale over eight orbits. Although
the small eccentricity approximation does yield noticeably worse
predictions, over a few orbits these errors are all still very small in
magnitude. The corresponding relative orbit is shown in Fig. 4b.

Conclusions

Analytical linearized relative orbit descriptions are provided for
several types of chief orbit eccentricities, where orbit element differ-
ences are chosen to define the relative orbit geometry. The relative
orbit motion between a deputy and chief satellite is expressed with
the true anomaly angle as the independent variable. With these lin-
earized relative motion solutions, it is trivial to estimate what the
geometric effect of changing a particular orbit element difference
will be. For the bounded relative motion case, the relative orbit
solutions are written such that their secular offset and sinusoidal
motions are clearly separated. As such, it is easy to see what the
offsets and sinusoidal amplitudes will be for a given set of orbit el-
ement differences in the orbit radial, along-track, and out-of-plane
motion. Orbit element differences have the advantage that they are
constants of the Keplerian two-body solution if the mean anomaly
difference is selected as the relative anomaly measure and the semi-
major axis difference is zero. If the bounded relative orbit constraint
is not satisfied, or there are other perturbations present such as the
J» gravitational perturbations, then some or all of the orbit element
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differences will vary slowly with time. The presented analytical
solutions in terms of the orbit element differences are still valid.
However, care must be taken to treat the appropriate orbit element
differences as time varying. Analytical orbit element difference drift
equations are provided for the nonzero da case and for studying
the mean relative orbit motion under the gravitational J, influence.
To account for more general orbit perturbations, the correspond-
ing orbit element difference differential equations would need to be
numerically solved to use the presented relative orbit descriptions.
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